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Numerical-Perturbation Technique for Stability
of Flat-Plate Boundary Layers with Suction

H. L. Reed* and A. H. Nayfeht
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

A numerical-perturbation scheme is proposed for determining the stability of flows over plates with suction
through a finite number of porous suction strips. The basic flow is calculated as the sum of the Blasius flow and
closed-form linearized triple-deck solutions of the flow due to the strips. A perturbation technique is used to

determine the increment a

i in the complex wavenumber at a given location X; due to the presence of a strip

centered at x;. The end result is a set of influence coefficients that can be used to determine the growth rates and
amplification factors for any suction levels without repeating the calculations. The numerical-perturbation
results are verified by comparison with interacting boundary layers for the case of six strips and the experimental
data of Reynolds and Saric for single- and multiple-strip configurations. The influence coefficient form of the
solution suggests a scheme for optimizing the strip configuration. The results show that one should concentrate
the suction near branch I of the neutral stability curve, a conclusion verified by the experiments.

I. Introduction

UCTION through porous strips is under consideration for
laminar flow control. The effectiveness of this
method—along with the optimal number, spacing, and mass
flow rate through such strips—should be determined by
stability calculations of the flow over a body with suction
strips. For such calculations, the mean flow must first be
determined as accurately as possible. Nayfeh and El-Hady'
used a nonsimilar boundary-layer code to solve this problem.
However, nonsimilar boundary-layer calculations fail to ac-
count for upstream influence. Methods that account for the
upstream influence include numerical solutions of the
Navier-Stokes equations, interacting boundary layers, and
nonlinear triple-deck equations. In these solutions, one needs
to calculate the mean flow at many streamwise locations (in
fact, at many more than the number of locations where the
stability calculations need to be performed) in order to deter-
mine accurate values for the basic state. After this, one
needs to perform the stability calculations at many stream-
wise locations. We note that, if any change is made in the
suction configuration, the mean flow as well as the stability
characteristics need to be completely recalculated. Therefore,
these solutions require prohibitively large amounts of com-
puter time and storage; also, some of them may fail to con-
verge for large Reynolds numbers. The purpose of the pres-
ent paper is to devise a numerical-perturbation scheme that
significantly reduces the computer resources required and
hence can be used as a design tool.
The basic state is calculated as the sum of the Blasius flow
and the triple-deck, closed-form solutions of Reed? and
Nayfeh et al.? (which are slightly modified as described in
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Sec. III). Since these basic-state solutions are closed form,
they do not require time-consuming marching and iteration.
They are linear combinations of the Blasius flow and small
corrections due to each porous strip; hence, they need not
be completely recalculated if the suction configuration is
changed. Instead of numerically solving the stability eigen-
value problem for the basic state, a perturbation scheme is
used to calculate the eigenfunctions z,; for the Blasius
stability problem and their adjoints z}; corresponding to the
eigenvalue ky; at the streamwise location x;. Then, the cor-
rection to k. due to the presence of a suction strip of unit
suction level centered at x; is calculated in quadratures in
terms of the z,;, z;;, kBj, and the closed-form, triple-deck
solutions. The result is a'set of influence coefficients @, that
can be used to calculate the growth rates at the locations x,
due to the presence of a finite number of porous suction
strips at x; with the dimensional suction velocities v,,. In-
tegrating the growth rates results in a set of numbers ¢, that
can be used to calculate the amplification factor due to the
presence of the strips as a linear combination. We should
emphasize that the a; and c¢; need not be recalculated if the
suction levels are changed in the strips, provided the new
levels remain compatible with the perturbation scheme.
Moreover, a scheme is discussed in Sec. IV by which one
need not completely recalculate the a; and c; if the strip con-
figuration is changed.

For the suction levels proposed for laminar flow control of
wings,*? the numerical-perturbation results are in agreement
with the results of the interacting boundary layers for the
case of six strips and the experimental results of Reynolds
and Saric® for configurations with single and multiple
porous strips. Since the amplification factor is a linear com-
bination of the ¢;, a scheme for optimizing the strip con-
figuration is proposed. This scheme predicts that the suction
needs to be concentrated near branch I of the neutral stability
curve, This conclusion has also been verified by the experimen-
tal results of Reynolds and Saric.b

II. Stability Problem Formulation
Consider a steady, two-dimensional, incompressible bound-
ary-layer flow over a flat plate at zero angle of attack with
porous suction strips. We employ a Cartesian coordinate
system such that x is in the streamwise direction along the plate
and y is normal to the plate. To study the stability of such a
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basic state, or mean flow, we express each total flow quantity g
as

qA(x’y;t) = QO (x,y) +q1 (x’y:{)

where Q, (x,y) is the basic-state component and g, (x,y,7) a
small, unsteady disturbance. Substituting the total flow quan-
tities #, 0, and p, the total streamwise velocity, normal veloc-
ity, and pressure, respectively, into the Navier-Stokes equa-
tions, subtracting the basic-state equations, and linearizing
with the amplitude of the disturbance, we find, to first order,
that the nondimensional disturbance equations are given by

du, Buy avl

0x -0 N
aautl Uofax ”‘aaU V‘)(;y U'%’ly]—oz—%
(o)
aavt! Uo‘?: ”I%Jrl/"z—ljvlwlé‘;;—o_ ZI;
(2

Here, the Reynolds number is given by
R=ULS/vE
where § is a reference boundary-layer thickness defined as
d=/vix* /U,

and »}, x*, and U% are the dimensional freestream kinematic
viscosity, streamwise position along the plate, and freestream
velocity, respectively.

The boundary conditions for the disturbance equations
(1-3) are

u,=v,=0 at y=0, u, and v;—~0 as y—oo )

These were shown to be reasonable approximations by
Lekoudis? under certain conditions. At the wall, the stream-
wise velocity component u, of the disturbance is taken to be
zero, provided that the percentage of the permeable area is
small and most of the flow there is directed normal to the sur-
face. Lekoudis investigated the effect of the wall admittance
by letting

v/py=f at y=0 )

where fis the wall admittance. For closely spaced perforations
and small surface permeability, he found that v, (x,0,¢) =0 is
an acceptable approximation. When the suction velocity is
large, this conditions breaks down.

We expand u,, v,, and p, in the form of traveling, har-
monic Tollmien-Schlichting waves as

g, =q(y)exp(if) (6)
where the phase function 6 is defined by

a0 a0
—=k ——=- 7
ox ot @ 0

The quantities £ and «» are the dimensionless streamwise
wavenumber and frequency, respectively, defined by
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k=k*s, w=w*6/U%
We consider the case of spatial stability, so that the wave-
number k is complex and the frequency w is real. Since the
Reynolds numbers are large, nonparallel effects are negligible.

Substituting Egs. (6) and (7) into Eqs. (1-4) and considering
only mean flows of the form,

Up=U, (») +O(I/R), V,=V,(»)/R
170=®(1), Py =const

we find that

. dv
iku+——=0 8)

dy

dU, 1 /d?
(kU — w)u+v dy° =—ikp+7e—(dyl: —k2u> ©)
. dp 1 /d%

l(kUO (:J)U— —'E“‘F(dyz —k211> (10)
u=v=0 at y=0, u and v—0 as y—o (48))

The system of Eqs. (8-11) represents an eigenvalue problem
for the parameters k, w, and R. For known basic-state velocity
profiles, the equations are integrated numerically using
a computer code developed by Scott and Watts? to handle stiff
two-point boundary value problems such as this. Specifying R
and w, we find the eigenvalue

k=k, +ik;

where k, and k; are the real and imaginary parts of k, respec-
tively. Then —k; is the spatial growth rate of the disturbance.

From k;, we determine the amplification factor as

A R
n=ﬂnT=—2SRO k;(R)dR (12)

0

where R, is the square root of the x Reynolds number where
the constant-frequency disturbance first becomes unstable
and A and A, are the amplitudes of the disturbance at x*
and x¢, respectively. Although the ¢” method®!! cannot be
used to predict the exact location of transition because of the
strong dependence of transition location on the freestream
turbulence levels and because it ignores the nonlinear
breakdown to turbulence, it is useful as a design tool because
it predicts trends for those changes in the mean flow that
delay transition.

III. Basic State—Linearized Triple Deck

Laminar viscous flow over a flat plate with a discrete
modulation exhibits a triple-deck structure!?'# (see also Refs.
15-18). In this case, the modulation is caused by a porous
strip centered at a dimensional distance x; far from the
plate’s leading edge x* =0. Upstream of the region influenced
by the suction is the Prandtl boundary layer. The flow in the
neighborhood of the porous strip is described by three decks
or nested boundary layers. The small parameter in this prob-
lem is é, which is defined as

s P _
é=Re™”, where Re=x;U /vy,

According to triple-deck theory, the streamwise effects of the
modulation occur in a neighborhood ®(é3x;) of x;. The
middle deck, the displaced Prandtl layer, is O( €‘x;) thick
and characterized by rotational, inviscid modulations. The
upper deck, whose thickness is O ( e3x ), has inviscid, irrota-
tional modulations. The lower deck is O( x,) thick and has
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viscous, rotational modulations. The wall boundary condi-
tions are satisfied by the lower-deck governing equations.
The linearized triple-deck equations we derive are expected
to be valid only for strip widths (9(€3x;) and suction levels
0(eUs).

For the case of injection through one porous strip,
Napolitano and Ressick!® developed a closed-form solution
for the linearized lower-deck equations by means of Fourier
transforms and calculated only the wall pressure coefficient
and shear stress. Following their work, Reed? and Nayfeh et
al.? obtained expressions for the pressure and shear, as well
as the velocity components and displacement thickness for
one finite-length suction strip. Then they developed closed-
form solutions valid at all points in the direction normal to
the plate. Finally, noting the linearity of the problem and
using superposition, they developed closed-form solutions
valid for any number of suction strips.

In this paper, we examine the stability of the basic state
given by slightly modified versions of these linearized triple-
deck, closed-form solutions. Here, we consider N porous
strips, centered at x{, x3,..., x%, with the leading and trailing
edges X{g,, X{gys--r» X{Ey @Nd XTg;, XTpys---s XFpy» FESPEC-
tively. All are dimensional distances from the plate’s leading
edge. We define the x Reynolds number at x* and the ith strip,
respectively, as

Re,=x*U%L /v, Re,=x/U%/vs (13)

Using these definitions, we express the streamwise compo-
nent of velocity as?3

N *
u* Uyall;
Sy =f + Re/N—"—
e (x*y*)=f"(n) ,; ey, U
% [f)\\g) _ I]S(x—xi) +u(x—x;,y) (14)
where

5/4 R %
y — 5 % % Xi N Y
u(x—xi,y)-um[ = (x*Re} _XfE,»Rex,’i), _x*_l)\’/y*]

5/4 ejff
— 1, [ —(x*Re}! —xtg,Rey), —*’)\’/‘y*] (15)
X; x
_ _ )\5/4
S(x—x;) =6, [ p (x*Rel —x{EiRe){,%)]
1]
N )\5/4
—600[ —(x*Re} —x%El_Re;/; ] (16)
i
A 3 le % wel™ e’ (7'1/’)’)/1)(“/3
R = L= Ai(mydndr

0 er [ (rhy)/1x Y
+ Sme—iw 7573 §0 Ai(ﬂ)dﬂdT]

9 [ gy ey .
{ S A;(n)dne=r? X dp

2762 Jo p4+ei71r/6 0

9 Sm ei71r/6p Se_i’r/3p0‘/3y

t 5 A;(n)dne="'dp,

0 ptrels Jo

for x>0 (17a)

N 9 (= o [ 39 Lx|
Uy, (X,y) = _WSOWSO A;(n)dne=rtxldp,

for x<0 (17b)
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5o (x) = — bl» 3 Sm V30® —p e=#P¥idp,
@ 0*31(5/3)  2x8% Jo p® —V3p* +1

for x>0 (18a)

3
e—r 9|x|dp’

5. (x) = —— S P for x<0  (18b)

6% Jo p8+1

Here, the quantities with an asterisk are dimensional. The
function f(n) in Eq. (14) is the Blasius function.?® The con-
stant A is defined as

A=f"(O/VZ (19)

Each individual strip solution in Eq. (14) is valid in the im-
mediate neighborhood of the corresponding strip, but ne-
glects streamtube divergence. In the case of multiple modula-
tions along a flat plate, to account for the streamtube
divergence, we scale x (and not x;) in the arguments of 6 and
u with the x Reynolds number at x* and scale y with x*. This
improves the accuracy of the superposed solutions in com-
parison with the proposed solutions of Refs. 2 and 3.

IV. Perturbation Scheme

Taking advantage of the linearity of the triple-deck for-
mulation, we develop a perturbation scheme that can be used
to predict efficient strip configurations. The technique is used
to determine the increment in the complex wavenumber at a
given location due to the presence of a strip elsewhere.

We consider the first-order system of disturbance equa-
tions as

iku+Dv=0 (20)
—iwu+ikuU+vDU= —ikp+ (1/R) (D*u—k*u)  (21)
—iwv+ikvU= —Dp+ (1/R) (D*v—k*v) - (22)

where D=d/dy. We take the mean flow U as
U=Uy+eU,, lel<l, U, =0(1) (23)

This mean flow is exactly as in the triple-deck expression for
u*/U,, where

Ui,
U, =" (7)(Blasius), e=U—iH’Re)'é)\“‘/2 4)
Then we expand
U=ugteu +..., V=0y+ev;+... (25a)
pP=potep;+.., k=ky+ek +... (25b)

where the quantities with subscript 0 represent Blasius distur-
bance quantities and those with subscript 1 represent the
contributions due to the presence of the suction strips. The
zeroth-order problem is
L (uy,v9,p0) = ikguy +Dvy =0 (26a)
Ly(ug,v,00) = — iwtg + ikguyUy + v, DU, + ikop,

—(1/R) (D*uy — k3ug) =0 (26b)

L3(ug,v9,p0) = — iwvy +ikogvaUy + Dpy
—(1/R) (D*vy— k3vy) =0 (26¢)

uy,vp=0 at y=0 and uy,v,—0 as y—o (26d)
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The system of Egs. (26) defines an eigenvalue problem for
the Blasius boundary-layer flow.
The first-order problem is
Ly (uy,01,p1) = — ik uq 27a)
Ly (uy,0,,p,) = — ikyuogUy — ikoug U, — v,DU;
—ik,py + (1/R) ( —2kok ug) (27b)
Ly(uy,0,,p) = — ik U — ikovo Uy + (1/R) (—=2kok,v) (27¢)
u;,v,=0 at y=0 and u,;,v;,—~0 as y—o (27d)
A solution exists for this system [Eqs. (27)] only if a solv-
ability condition is satisfied.? The inhomogeneous terms on

the right-hand sides must be orthogonal to every solution of
the adjoint homogeneous problem. That is,

o i
k, SO [(Zk0 +iRUy)z3z, + iIRZ3z, — iz3z, — ?zf{zz

2k . . "
——Eo—z;‘z3 —1U0z1z3]dy+ SO (iRky U, 23z, + RDU, 7574

— ikoU,222,)dy =0 (28a)
or

k| e | geendr=o (28b)
where

Z =uy, 2=Duy, z3=0y, 24=Dp

and the starred quantities are the corresponding adjoint solu-
tions. It follows from Eq. (28b) that

ky=— SO g(x,y)dy/gof(x,y)dy (29)

At each x, since k| is independent of ¢, the correction to &,
is a linear function of e. Recalling that ¢ is given by Eq. (24),
we conclude that ek, is directly proportional to the suction
rate.

Using this property of linearity, we consider a plate with N
porous strips and M specified points of computation between
branches I and II of the stability curve. The zeroth-order

00480 |-
.00320 |-
00160 |
_K|
0 -
—.00160 |-
1 1 i 1
W 113 w W
430 500 570 640 710
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Fig. 1 Overall view of the spatial growth rate —k; vs VRe, for the
third through sixth strips (Vi = —2.3x107% U%, F=86x10"5:
——, linear triple deck; ---, interacting boundary layers; ---, non-
similar boundary layer; ——, Blasius flow.
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eigenvalue problem is solved to find the Blasius complex
wavenumber kp, and its corresponding eigenvectors z,; and
zg, £=1,...,4 at each point j=1,...,M. Then, using linear
triple-deck theory and considering Egs. (14), (28), and (29),
the y-dependent function is calculated to be

S () < .
|20 15052 + 205 -x) (30)

at each point of computation x;, j=1,...,M due to an in-
dividual strip located at x;, i=1,...,N. Then, applying Egs.
(28) and (29), we determine k; for each i and j and call this
quantity a;. Thus, the total complex wavenumber k; at point
x; due to the presence of all N strips is

N *
Uwall; o 10y
ky=kg,+ ;‘I a; [V]Vi Re/\ " 31

@

Using the trapezoidal rule to perform the integration in Eq.
(12) and applying Eq. (31), we find

4 M
n:enz—: ——Imag[ E (k3j+k3j71)(Rj_Rj—1)

0 j=2
L Vsall; ) e
+ Y Y (ay+a,0) e RENT (R =R, | (32)
j=2 i=1 o
or
o Usali;
n=ng+ Y, c—m (33)
i=1 U°°
where
M
¢;=—Imag ), (a;+a;_Re*(R;—R,_)\"* (34)
j=2

and np is the Blasius amplification factor. We emphasize
that the a; are independent of the strip suction levels vy,
and therefore need not be recalculated if the suction levels
are changed in the strips. One can compute the a; for any
number of strips, the limit of which is, of course, to consider
strips edge-to-edge all the way from branch I to branch II; in
the end, one can specify zero suction levels for those strips
not needed. With this method, we can vary the number of,
spacing between, and mass flow rate through the strips
without recalculation. Moreover, with the limitation of being
able to consider only multiples of the original widths, we can
vary the strip width by keeping neighboring strips and con-
sidering them as one.

1200. T
X X
X
1000, + N
X
800. + x
X XX
x X
C. 600 ¢ . xx* & ox
X x %
400, T
200. +
x
, X
1040. 1465. 1890. 2?"15.
/Re,

Fig. 2 Influence coefficients c; for 1.6 cm wide strips and a dimen-
sionless frequency F=20x10"5.
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Fig. 3 Comparison of theory with experiment: one suction strip
located at x=194.3 cm is open with a suction level of
Via=—5.7x10"3 U% (dimensionless frequency is F=25x10"9
and square root of the unit Reynolds number per meter is R, =961
m ™", strip is 1.6 cm wide, and measurements are taken at x =205
cm): V, suction, experiment®; —, corresponding theory.

V. Results and Discussion

First, we present growth rate comparisons for the linear-
ized triple deck, the interacting boundary layer (described
briefly in the Appendix), and the nonsimilar boundary-layer
solutions (also described in the Appendix) for the case of a
flat plate with six strips each of width 0.02 m centered at
0.18 m intervals. The first strip is centered at a distance of
0.3 m from the plate’s leading edge. The suction velocity
through each strip is —2.3x10~* U, and Re, at the center
of the first strip is 1x10°. Superimposed onto this basic
state is a disturbance with the constant dimensionless fre-
quency F=2mvif/UL2=86x10"% (f is the dimensional fre-
quency in hertz). Figure 1 shows the spatial growth rate —k;
plotted vs R =+/Re, in an overall picture of the third through
sixth strips. The disturbance upstream of the third strip is
stable and therefore not shown. It is apparent from Fig. 1
that the comparisons between the interacting boundary-layer
solution and the superposed, linearized, triple-deck solutions
are good.

By comparing the linearized triple-deck solutions and the
interacting boundary-layer solutions with the undisturbed, or
Blasius, solutions, we find that even for such small suction
levels the growth rates are dramatically decreased in the
neighborhoods of the strips, thus stabilizing the flow. There
is a relatively small upstream influence of the suction, its ex-
tent being the order of a couple of boundary-layer thick-
nesses; also, it appears to decay quickly. That is, the region
upstream of the strip affected by the suction is short. In con-
trast, there is a larger downstream influence and it lingers
for quite a distance down the plate, as much as ©(206). In
comparison, the nonsimilar boundary-layer calculations are
poor, particularly in the neighborhood of a strip. They
predict no upstream influence and the chordwise gradients of
the quantities are discontinuous at the leading and trailing
edges of the strip. This is due to the parabolic nature of the
equations and the discontinuity in the wall-suction boundary
conditions as one marches along the plate. Smoothing occurs
when interaction with the potential flow solution, as in in-
teracting boundary layers, is taken into account.

AJAA JOURNAL

The influence coefficient form of the perturbation solution
[Eq. (33)] suggests a scheme for optimizing the strip con-
figuration. To obtain an efficient strip distribution, the
amplification factor » is minimized while maintaining a con-
stant total mass flow rate. This requires

N v "
min E: c; wi’ @35)
- UL

Since the c¢; are independent of the suction levels, Eq. (35)
reduces to a linear minimization problem for the solution
Vgay;/ U, i=1,...,N. For each strip i=1,...,N, the coeffi-
cient ¢; of vy, /U is evaluated and stored. Since the
minimization problem is linear and since vy, /Uy is
negative, the largest ¢; correspond to the strips where suction
should be concentrated for optimization. A typical ¢; dis-
tribution is shown in Fig. 2. Since the largest coefficients oc-
cur near branch I, the distribution indicates that suction
should be concentrated near branch I of the stability curve
for efficiency. Disturbances must be controlled while their
growth rates are still small.

We now compare our numerical-perturbation scheme
results with the experiments of Reynolds and Saric.’ [The
testing involved a 4 m chord by 1.83 m span by 0.02 m thick
flat-plate model with Dynapore porous suction panels
located at the four possible positions shown in Fig. 1 of Ref.
6. (All distances are in centimeters from the leading edge.)
Characteristics of the boundary layer with and without suc-
tion were determined with a constant-temperature hot wire. ]

Typical profiles measured 11 cm downstream of a single
1.6 cm strip at x=194.3 ¢cm in a flow of square root unit
Reynolds number Ru=U% /v% =961 m~* are shown in Fig.
3. The suction velocity is —5.7x10~3 U% and the dimen-
sionless disturbance frequency is F=25x10"¢. Since the
linear stability theory cannot predict the actual levels of the
disturbances, the theoretical disturbance profile was nor-
malized using the experimentally obtained maximum distur-
bance amplitude (0.1%). Figure 3 shows that the theoretical
mean velocity as well as the disturbance velocity profiles are
in good agreement with the experimental results, giving us
confidence in the triple-deck model.

Figures 7 and 8 of Ref. 6 and Figs. 4 and 5 of this paper
compare the theoretically predicted integrated disturbance
profiles (i.e., e") with the experimental results of Reynolds
and Saric® for single- and multiple-strip configurations. In
these figures, the theoretical amplitudes have been normal-
ized to the initial or lowest Reynolds number measurement.
In all figures, the top two curves correspond to the no-
suction or Blasius flow; they are included for reference and
because they indicate the degree of smoothness of the model
with the suction panels in place. Consequently, the devia-
tions between the experimental and theoretical results for the
no-suction case indicate the type of agreement expected for
the case of suction.

In the single 1.6 cm width strip cases, Fig. 7 of Ref. 6 and
Fig. 4 of this paper, the square root unit Reynolds numbers
are 961 and 987 m~", respectively, and the dimensionless
disturbance frequencies are 25 and 20 X 109, respectively. In
spite of the intense suction level (v}, = -5.7 and -5.5
x 1073 U%, respectively), the agreement between experiment
and theory is fairly good, with the theoretical curves follow-
ing the undulations in the experimental data at and around
the strips. The theory predicts the upstream influence of the
strips rather closely. The predicted downstream influence ex-
tends to as much as 20 boundary-layer thicknesses, in agreement
with the experimental data. However, the theory predicts a
larger downstream influence than that observed. This
discrepancy may be due to the fairly intense suction level
associated with a single strip and the consequent beginning of
breakdown in the theory; the theory is expected to be valid up to
suction levels O(4 X 1073) in this case. This applies to growth
rates. Subsequent exponentiation of the » factor (cumulative
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growth rate) to get the amplitude magnifies otherwise small er-
rors. We note that, in comparison with the no-suction, or
Blasius, amplitudes, the differences between theory and experi-
ment for the suction cases are relatively small.

In light of the prediction of the optimization scheme that
suction should be placed close to branch I, Reynolds and
Saric® evaluated different strip locations for a single strip
under otherwise fixed conditions: F=20x107°%, v’
=—-55%10"3 U%, and Ru=987 m~*. Figure 4 shows two
strip locations, 194.3 and 247.6 cm from the plate’s leading
edge; the branch I neutral point occurs at 110.5 cm. To
evaluate the effect of strip location, one needs to compare
the final disturbance amplitude at some downstream location
of a given initial disturbance. Thus, the experimental results
were normalized at a location far upstream of the forward
strip so that the initial amplitudes coincide there. The
theoretical results were also normalized there. Figure 4 clear-
ly shows the advantage of placing the suction strip forward,
closer to branch I of the neutral-stability curve.

The multiple strip case is more representative of LFC
systems; typical configurations are shown in Fig. 8 of Ref. 6
and Fig. 5 of this paper for strip widths of 1.6 cm and a
disturbance frequency of F=25x% 1079, The total mass flow
rates are the same as for the single-strip results. Figure 8 of

30— — T
F 1o
| O QO without suction

A 4 . with suction
o theory /

20+

'I']"IT\‘Y*V

—3
vz 55x10°U,

A(x)

1300 ' 1400 1500 1600 1700

=
v,z 5.5x10° 0, R

Fig. 4 Effect of moving a single strip upstream toward branch 1 of
the neutral stability curve (F=20x10"6, R,=987 m~ "2 and
Via=—5.5x1073 U%): o, no suction, experiment®; o, forward
suction strip location, experiment®; v, aft suction strip location, ex-
periment®; —, corresponding theory.

vom 421070, Vo= 11x 107 U,
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Fig. 5 Effect of moving multiple strips upstream toward branch I
of the neutral-stability curve: o, no suction, experiment®; v, suc-
tion, experiment® (indicated on upper scale); ¢, suction moved
upstream toward branch I, experiment® (indicated on lower scale);
——, corresponding theory; ---, adjusted theory.
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Ref. 6 shows a six-strip configuration, three on each of the
first and second panels. The suction level in each strip is
via=—1.0x10"% U?% and the square root unit Reynolds
number is Ru=961 m~". Figure 5 shows results for a ten-
strip configuration, seven on the first panel and three on the
second. The upper curve corresponds to a square root unit
Reynolds number of Ru=961 m~" and suction levels on the
first and second panels of v}, =—-4.2%x10"* and -1.1
x 1073, respectively, while the lower curve corresponds to
Ru=877 m~” and vi,=-50x10"% and —1.3x1073,
respectively. Since the suction levels are much less than those
for single-strip configurations, the upstream influence ahead
of the first strip is reduced. The downstream influence is a
cumulative effect. Also, we note that with smaller individual
suction levels, the agreement between theory and experiment
is very good in the seven/three case.

For the ten-strip configuration, Reynolds and Saric® per-
formed two experiments, the first at Ru=961 m~" and the
second at Ru=877 m~". By lowering the unit Reynolds
number, the suction strips are effectively moved forward
toward branch I of the neutral-stability curve. The relative
locations of the strips are shown on the upper and lower
horizontal axes of Fig. 5. The experimental and theoretical
disturbance amplitudes were normalized to coincide at a
location far ahead of the first suction strip. Figure 5 shows a
good agreement between the theoretical and experimental
results and that a 55% reduction in the disturbance
amplitude is achieved by moving the suction forward near
branch I of the neutral-stability curve. We note that lowering
Ru from 961 to 877 m~"* resulted in a slight increase in the
value of v} . Using the corrected value, we recalculated the
disturbance amplitude; it is shown as the dashed curve in
Fig. 5. The two theoretical curves bound the experimental
results.

V1. Conclusions

In this paper we propose a numerical-perturbation scheme
for determining the stability of flows over plates with suction
through a finite number of porous suction strips; in the com-
panion paper of Reynolds and Saric, the theory is success-
fully verified by experiment. The results of the theory pro-
vide accurate linear, closed-form solutions for the basic flow
that account for upstream influence, a set of influence coef-
ficients that can be used to determine the growth rates and
amplification factors for any suction levels without repeating
the calculations, and a simple linear optimization scheme
that correctly predicts that suction should be concentrated
near branch I of the neutral stability curve, i.e., when distur-
bances are still small in amplitude. The numerical-
perturbation technique we propose is reliable enough to
replace the experiment as a tool in designing efficient strip
configurations insofar as two-dimensional, incompressible
flows are concerned.

Appendix: Interacting and Nonsimilar
Boundary-Layer Solutions
Following the work of Ragab and Nayfeh,?? we introduce

into the dimensionless boundary-layer equations the Levy-
Lees variables

[ _ U x)yVRe,
S—SO U, (x)dx, —T

2 J R
F(gm) =——) V(s,m:—g(zf 7,7 e")

U, (x) U,x) \ ax V2
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where U, (x) is the local chordwise edge speed. The resulting
system of equations is

2F, +V,+F=0
2FF, + VF,+B(F*—1)~F, =0

28 dp
U? dx

6:

The corresponding boundary conditions are
F=0 at =0, F—1 as n—

far
F=Fy(n) at £=§, upstream
V2£&Re,

V= vwallm—gstrip tesé=fgpTe 8t =0
e

=0 otherwise

Specifying the pressure distribution, these equations are
solved using a second-order accurate, finite difference march-
ing scheme. A Newton-Raphson procedure is used to
quasilinearize the nonlinear terms, giving the momentum and
continuity equations coupled in their linearized form, the so-
called Davis coupled scheme.?® The viscous displacement
thickness

V2t ©
=———= |\ (1-F)d
8 U. () Ve, SO( ydn

is iteratively made to equal the inviscid displacement thickness
(i.e., the displacement thickness from boundary-layer interac-
tion with the inviscid flow) given by

dr

dyp 1 Sm p(1)
dx T

LE x—1

To obtain the nonsimilar solution, we set 3=0 in the above
equations and numerically integrate once along the plate.
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